Currently there is no commonly accepted way to define, much less quantify, locomotor stability. In engineering, "orbital stability" is defined using Floquet 
Introduction
Falls pose a significant and extremely costly ͓1͔ health problem for the elderly ͓2͔ and patients with gait disabilities ͓3-5͔. Because most falls occur during whole-body movements like walking ͓6,7͔, addressing this momentous clinical problem effectively requires developing appropriate measures for quantifying dynamic stability during walking ͓8,9͔. Increased variability during walking can predict increased risk of falls in the elderly ͓10,11͔. However, statistical measures of variability do not quantify how the locomotor system responds to perturbations ͓9͔ and are not correlated with measures of local dynamic stability that do ͓8,9,12͔. While many walking stability indices have been proposed ͓11,13-15͔, there is still no commonly accepted way to define, much less quantify, locomotor stability.
In theoretical mechanics, a system's stability is defined by how its state variables respond to perturbations ͓16͔. For limit cycle systems, defined as having a constant fixed period, "orbital stability" is defined using Floquet multipliers ͓16͔ that quantify, discretely from one cycle to the next, the tendency of the system's states to return to the periodic limit cycle orbit after small perturbations. Floquet multipliers are the eigenvalues of the linearization ͑or Jacobian͒ of the stride-to-stride function ͑or Poincaré map͒ ͓16͔. They quantify the stability of periodic orbits by quantifying the local stability of the fixed point of the Poincaré map. Floquet multipliers are calculated at a single point during the cycle ͑e.g., heel strike͒ and quantify how much small perturbations grow or decay after one subsequent stride. Because this analysis assumes that walking is strictly periodic and because changes in the system states are evaluated only once per stride, temporal variations between strides and the specific trajectories the system follows through state space from one stride to the next are ignored. This approach has been used extensively to assess the orbital stability of walking robots ͑e.g., Refs. ͓17-19͔͒, but has been applied only very limitedly to human experiments ͓20,21͔. Human walking was found to be orbitally stable ͓20͔, but postpolio patients were less stable than healthy controls ͓21͔.
However, humans do not walk in a strictly periodic manner. Time series of human stride intervals ͑i.e., the time elapsed between subsequent ipsilateral heel strikes͒ exhibit aperiodic fractallike fluctuations ͓22,23͔ that may have important implications for walking stability ͓24,25͔. For aperiodic systems that exhibit no discernable periodic structure, "local stability" can be defined using local divergence exponents ͓26,27͔, which quantify how the system's states respond to very small ͑i.e., "local"͒ perturbations continuously in real time. In contrast to Floquet analyses, the full temporal and spatial structure of all trajectories in the state space are used in these analyses. Previous studies have demonstrated that patients with diabetic neuropathy improve their local stability by slowing down ͓28͔; that walking on a motorized treadmill constrains local stability ͓12͔; that slower walking speeds in general lead to improved local stability ͓8͔; and that measures of gait variability ͓13,29͔ do not predict local stability during walking ͓8,9,12͔.
However, one perplexing finding from these studies was that all subjects tested ͑young healthy, older healthy, and older neuropathic͒ always exhibited a significant degree of local instability during walking, even though no subject ever fell or even stumbled while they were being tested. This is likely due in part to inherent biological noise ͑such as the signal-dependent noise that is an intrinsic property of muscle contraction ͓30-32͔͒, which produces the same kind of local instability that local divergence exponents quantify ͓9,33͔. This local instability may also result in part from small corrections made by the neuromuscular control system to maintain balance and smooth unintended irregularities during gait ͓28,34,35͔.
Regardless of the underlying source, it remains unclear whether humans simultaneously exhibit significant local instability, and yet remain orbitally stable while walking. Some mathematical limit cycle attractors can simultaneously exhibit both locally stable and locally unstable regions and still remain orbitally stable ͑Fig. 1͒ ͓36͔. This suggests that orbital and local dynamic stability may reflect different properties of system dynamics. Indeed, we recently examined how the local and orbital stability properties of the simplest mechanical model of bipedal walking ͓17͔ change when we added noise to the system in the form of making the model walk down an irregular ͑i.e., "bumpy"͒ slope. Our model simultaneously exhibited significant local instability, but remained orbitally stable. Moreover, while the local divergence exponents were very sensitive to changes in noise amplitude, the Floquet multipliers were not ͓37͔.
Furthermore, the orbital stability of a limit cycle should theoretically be the same at all points along the trajectory. For this reason, previous experiments have assessed the orbital stability of walking at only one or two points during the gait cycle ͓20,21͔. However, perturbation experiments suggest that humans execute different responses to perturbations applied at different phases of the gait cycle ͓38-40͔. This suggests that measures of walking stability may also be similarly phase dependent.
The locomotor control system must respond to perturbations both within the current stride and across subsequent strides. Therefore, to properly quantify locomotor stability it is necessary to collect data from multiple consecutive strides. Treadmills are useful in this regard because many consecutive strides can be sampled using existing gait analysis technologies. However, the validity of comparing treadmill to overground locomotion remains an issue of debate ͓12,41-44͔. There are no theoretical mechanical differences between walking on an ideal treadmill ͑i.e., rigid surface and constant belt speed͒ and walking overground ͓45͔. Experimentally, however, intrastride variations in instantaneous treadmill belt speed can alter locomotor kinematics ͓46͔. More importantly, treadmills appear to artificially reduce the natural variability ͓12,43͔ and enhance the local dynamic stability ͓12͔ of locomotor kinematics. The effects of treadmills on the orbital stability of human walking have not been reported.
The present study analyzed the orbital stability of human walking kinematics during both overground and treadmill locomotion, using data from a previous experiment where the local stability of these walking patterns were analyzed in detail ͓9,12͔. We hypothesized that human walking, while locally unstable, would simultaneously remain orbitally stable and that the degree of orbital stability exhibited would vary systematically across different phases of the gait cycle. We hypothesized that walking on a motorized treadmill at a constant externally imposed speed would lead to artificially more stable walking patterns compared to walking over level ground. Finally, we hypothesized that measures of orbital stability would not be correlated with previously quantified measures of local stability.
Methods
2.1 Subjects and Data. As reported previously ͓12͔, ten young healthy subjects ͑Table 1͒ gave informed consent before participating. Each subject underwent a screening exam ͑health history, height, weight, blood pressure, and lower extremity passive ranges of motion͒ to rule out any history of medications, illnesses, surgeries, or other injuries that may have affected their gait.
Subjects wore standardized walking shoes and completed a 10 min acclimatization period on the treadmill at their selfselected speed before testing began. Overground ͑OG͒ walking trials were performed first. Each subject walked around an approximately 7 m wide and 200 m long level indoor walking track at his/her own self-selected walking speed. Subjects were instructed "to walk in as consistent a manner as possible." The total distance walked was measured with a rolling measuring wheel to calculate each subject's average walking speed. Subjects rested 5 min before walking on the treadmill ͑TM͒ at their average overground speed.
Kinematic data were collected during continuous walking using a custom made data logger ͓12,28͔. Strain gauge electrogoniometers ͑Biometrics Ltd., Ladysmith, VA͒ measured sagittal plane motions of the hip, knee, and ankle joints of the right leg. A triaxial accelerometer ͑Kistler Instrument Corp., Amherst, NY͒ was mounted at the base of the sternum to measure the threedimensional accelerations of the trunk in the anterior-posterior ͑AP͒, mediolateral ͑ML͒, and vertical ͑VT͒ directions. All kinematic data were sampled at 66.67 Hz continuously for the entire duration of each 10 min trial.
State Space
Reconstruction. All data were analyzed without filtering because the goal was to examine the spatiotemporal fluctuations within these signals, and because of the many complications associated with applying linear filters to non- Fig. 1 "A… Schematic representation of an orbitally stable limit cycle that is also locally stable everywhere along the limit cycle. Being locally stable everywhere guarantees that the limit cycle must also be orbitally stable. "B… Representation of an orbitally stable limit cycle composed of both locally stable "solid line… and locally unstable "dashed line… regions. Trajectories that veer away from the limit cycle in the locally unstable regions are then "drawn back" toward it again in the locally stable region "adapted from Ref. †36 ‡…. Table 1 Basic characteristics "mean ± SD…, including gender ratio "M/F…, age, height, and weight, for subjects tested in this study †12 ‡. Average self-selected overground walking speeds, as recorded during the 10-min walking trials are also included. 
where S͑t͒ was the d E -dimensional state vector; q͑t͒ was the original one-dimensional data; was the time delay; and d E was the embedding dimension ͑Figs. 2͑B͒ and 3͑A͒͒. Time delays were calculated from the first minimum of the average mutual information function ͓9,27,49͔. An embedding dimension of d E =5 was used for all data sets, as determined from a global false nearest neighbors analysis ͓9,27,50͔. These reconstructed state spaces exhibit the same dynamical properties as state spaces constructed from the original state variables as long as is "reasonable" and d E is "sufficiently large" ͓27,47,48͔. Thus, the results of our subsequent stability analyses were insensitive to moderate changes in these parameters.
Estimating Local Stability.
In the original study, local dynamic stability of walking was quantified ͓9͔ by estimating the average exponential rates of divergence of initially neighboring trajectories in state space as they evolved in real time. These local divergence exponents provided a direct measure of the sensitivity of the system to extremely small ͑i.e., local͒ perturbations ͓26,27͔. Positive exponents indicate local instability, with larger exponents indicating greater sensitivity to local perturbations.
Nearest neighbor points on adjacent trajectories in the reconstructed state space represent the effects of small local perturbations to the system ͑Fig. 2͑C͒͒. A previously published algorithm ͓͑26͔; Totts Gap Medical Institute, Bangor, PA͒ provided estimates of the average exponential divergence for each embedded time series. Euclidean distances between neighboring trajectories in state space were computed as a function of time and averaged over all original pairs of initially nearest neighbors. Local divergence exponents ͑ * ͒ were estimated from the slopes of linear fits to these exponential divergence curves "D… Representation of a Poincaré section transecting the state space perpendicular to the system trajectory. The system state, S k , at stride k evolves to S k+1 one stride later. The Floquet multipliers quantify whether the distances between these states and the system fixed point, S * , grow or decay on average across many cycles "Eq. "7……. where d j ͑i͒ was the Euclidean distance between the jth pair of initially nearest neighbors after i discrete time steps ͑i.e., i⌬t seconds͒ and ͗·͘ denotes the average over all values of j ͓26͔.
Since the intrinsic time scales were different for each subject ͑i.e., different average stride times͒, the time axes of these curves were rescaled by multiplying by the average stride frequency for each subject. Short-term exponents ͑ S * ͒ were calculated from the slopes of linear fits to the divergence curve between 0 and 1 stride. Long-term exponents ͑ L * ͒ were calculated as the slope between 4 and 10 strides ͑Fig. 2͑C͒͒ ͓8,12,28͔.
These local divergence curves always exhibited positive divergence reflecting the natural variability and intrinsic biological noise in the system ͓9,28,51͔. For "chaotic" systems, the local divergence would be linear, reflecting a constant exponential rate of divergence ͓26,52͔, and the slope of that line would approximate the maximum finite-time Lyapunov exponent for the system. Since the curves we obtained ͓9͔ were clearly not linear, we found no basis for defining a true Lyapunov exponent for human walking ͓51,52͔. Nevertheless, these local divergence exponents still provided rigorously defined metrics for estimating the sensitivity of human walking to small intrinsic perturbations ͓9,53͔.
Estimating Orbital Stability.
For the present study, orbital stability was quantified by calculating the Floquet multipliers ͑FMs͒ for the system ͓16͔ based on well-established techniques ͓18,20,21,54͔. Because Floquet theory assumes the system is strictly periodic, the state space data for each stride were first time normalized to 101 samples ͑0-100%͒. This then allowed us to define 101 Poincaré maps ͑Figs. 2͑D͒ and 3͑B͒͒ for the system as
where k was an index enumerating the individual strides and S k denoted the system state ͑Eq. ͑1͒͒ for a single point in normalized time within each gait cycle. Limit cycle trajectories correspond to single fixed points in each Poincaré map
For our walking data, we defined the fixed points at each Poincaré section ͑i.e., at each % of the gait cycle͒ by the average trajectory across all strides within a trial. Orbital stability at each Poincaré section was estimated by computing the effects of small perturbations away from these fixed points, using a linearized approximation of Eq. ͑4͒
where J͑S * ͒ defined the Jacobian matrix for the system at each Poincaré section. The Floquet multipliers are the eigenvalues of J͑S * ͒ ͓18,20,21,54͔. Any deviation away from the fixed point is multiplied by FM by the subsequent cycle. Thus, for limit cycle to be orbitally stable, these complex-valued FM must have magnitude Ͻ1 ͑i.e., they must all lie inside the unit circle͒. If any of the FM has magnitude Ͼ1, the limit cycle is orbitally unstable. We computed the magnitudes of the maximum FM for each % of the gait cycle to determine how the orbital stability varied across the gait cycle. For statistical analyses, we extracted the largest of these maximum FMs ͑"Max FM"͒ from across all Poincaré sections because this represented that instant during the gait cycle that was most unstable.
Statistical Analyses.
Detailed statistical analyses of the S * and L * measures were reported previously ͓9,12͔. For this study, these analyses were replicated using the Max FMs as dependent measures. Differences between OG and TM walking were evaluated using a three-factor ͑subject ϫ condition ϫ interval͒ balanced analysis of variance ͑ANOVA͒ for randomized block design ͓12,55͔. For each Max FM measure, p values for each main effect and for subject ϫ condition and condition ϫ interval interaction effects were determined. Furthermore, to determine if trunk stability differed from leg stability, the Max FM data for each subject for each trial were averaged across the three trunk accelerations to obtain a single measure of "trunk stability" and across the three leg angle measures to obtain a single measure of "leg stability." These data were analyzed using an additional three-factor ͑subject ϫ condition ϫ segment͒ balanced repeated measures ANOVA.
To determine if and how orbital stability was related to local stability, single averaged values of each measure of orbital stability ͑Max FM͒ and local stability ͑ S * and L * ͒ were computed for each subject for each condition. For each of the six time series measurements examined, correlation coefficients ͑r 2 ͒ were computed between each orbital and local dynamic stability measure to determine if these measures were linearly related. Because of the large number of comparisons made ͑12͒, statistical significance was judged based on a Bonferroni correction ͑i.e., ␣ = 0.05÷ 12 = 0.004͒.
Results
Visually, the embedded state space data for each time series exhibited a strongly periodic structure with the expected stride-tostride variability that occurs naturally during normal walking ͑Fig. 3͑A͒͒. Because the data were analyzed in five-dimensional state spaces, which yielded four-dimensional Poincaré maps, these Poincaré maps themselves could not be represented graphically. Alternatively, stride-to-stride first return maps ͑Fig. 3͑B͒͒, which show how deviations away from the fixed point ͑i.e., the mean trajectory͒ for each individual state evolve across consecutive strides, did show that consecutive strides always returned close to the fixed point. However, because these plots only provide a partial snapshot of only one of the five state variables used to define the full state space, it is not immediately obvious from these plots whether or not consecutive strides return, on average, to points closer to, or farther away from, the fixed point. To determine this, the maximum Floquet multipliers must be computed from the full state space data.
All Floquet multipliers remained inside the unit circle ͑i.e., magnitude Ͻ1; Fig. 4͒ and their magnitudes were similar to those reported in previous human studies ͓20,21͔. Thus, all of the subjects tested exhibited orbitally stable walking patterns, despite the fact that these same subjects all exhibited significant local instability, as previously reported ͓12͔. This confirmed our hypothesis that subjects would be orbitally stable, despite being locally unstable. While the maximum FM values did fluctuate across the gait cycle, these fluctuations were generally small, did not follow any discernable pattern, and were not consistent across the different variables measured or conditions tested ͑Fig. 4͒. This contradicted our hypothesis that orbital stability would vary systematically across the gait cycle.
There was a trend for young healthy subjects to exhibit somewhat greater orbital stability when walking on the motorized treadmill than when walking over level ground at the same speed ͑Fig. 5͑A͒͒. These differences were statistically significant for three of the six variables tested. However, for all three of these variables, significant subject ϫ condition interaction effects were also found ͑Fig. 5͑B͒͒. For A ML and A VT , while most subjects exhibited slight decreases in Max FM on the TM compared to OG walking, others exhibited essentially no differences or even slight increases. At the ankle, although nearly all subjects exhibited decreases in Max FM on the TM, the magnitudes of these differences varied greatly across subjects. Thus, the decreases in Max FM values for TM versus OG walking were not consistent across subjects. Therefore, our hypothesis that treadmill walking would artificially enhance the orbital stability of walking compared to overground walking was only partially supported.
The average Max FM value for all three trunk acceleration directions combined, for all subjects and trials, was 0.707± 0.076.
For all three lower extremity Max FM values combined, this average was 0.643± 0.056. The repeated measures ANOVA confirmed that in general, overall trunk movements were significantly more stable ͑i.e., smaller Max FM; p Ͻ 0.001͒ than overall leg movements.
In general, correlations between local stability ͑ S * and L * ͒ and orbital stability ͑Max FM͒ were not particularly strong and most comparisons were not statistically significant ͑Fig. 6͒. Seven of the 12 correlations computed were positive and five were negative. Only one of the 12 correlations ͑hip͒ was statistically significant ͑r 2 = 38.6%; p = 0.003͒. The remaining 11 correlations were all generally weak ͑r 2 ഛ 19.8% ͒ and were not statistically significant ͑p ജ 0.049͒. Thus, our hypothesis that orbital stability would not be directly correlated with local dynamic stability was supported.
Discussion
To understand the mechanisms humans use to maintain locomotor stability, we first need to properly define and quantify locomotor stability. Engineering definitions of local and orbital stability define how systems respond to small perturbations either in real time or from one cycle to the next. While these measures are rigorously defined, they are based on fundamentally different assumptions about the underlying nature ͑i.e., aperiodic versus strictly periodic͒ of the system being studied. Because human walking is neither strictly periodic nor strongly aperiodic, it is not clear which of these approaches is most appropriate for studying locomotor stability. While some studies have shown that human walking is orbitally stable ͓20,21͔, others have demonstrated significant local instability in walking kinematics ͓8,9,12,28͔. The purposes of this study were to determine if and how orbital stability was related to local stability during human walking; to determine how orbital stability varied across the gait cycle during human walking; and to determine how walking on a motorized treadmill affects the orbital stability of human walking.
All subjects exhibited orbitally stable walking kinematics during both overground and treadmill walking ͑Fig. 3͒, despite the fact that these same kinematics were previously shown to be locally unstable ͓9,12͔. This demonstrates that the variability inherent in human walking, which manifests itself as local instability, does not significantly adversely affect the orbital stability of walking, at least under "normal" walking conditions where subjects are not subjected to additional large-scale external perturbations. These differences between orbital and local stability were further confirmed by the general lack of significant correlations between the Max FM and * variables ͑Fig. 6͒. Together, these findings support the idea that these measures of orbital and local dynamic stability quantify different properties of system dynamics. This is due, at least in part, to how these measures are computed and to what they are quantifying. When computing Max FM, each trajectory in state space is compared to a single reference trajectory, S * ͑t͒, defined from the average of all trajectories ͑Eqs. ͑4͒ and ͑5͒͒. Conversely, when computing S * and L * , each trajectory in state space is compared to its own nearest neighbor, regardless of how far those two trajectories are from the mean reference trajectory. The positive * findings demonstrate that, on average, each trajectory diverges away from its own nearest neighbor. The finding of Max FM values with magnitude Ͻ1 demonstrates that all of the trajectories, on average, still generally converge toward the mean reference trajectory. Additional research is needed to determine just how much local instability locomotor systems can tolerate and still remain orbitally stable and to determine what me- 
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Transactions of the ASME chanical and neural mechanisms are used to regulate these processes. Walking on the treadmill generally yielded small improvements in orbital stability for each of the six time series variables measured ͑Fig. 5͑A͒͒. While these differences were statistically significant for three of these six variables, the significant subject ϫ condition interaction effects meant that these differences between OG and TM walking were different for different subjects ͑Fig. 5͑B͒͒. Treadmill walking was previously shown to significantly reduce the natural variability ͓12,43͔ and enhance the local stability ͓12͔ of locomotor patterns in these same subjects. While there were somewhat similar effects on the orbital stability of walking, these effects were less pronounced. The Max FM variables were thus less sensitive to this experimental manipulation than previously reported findings for local divergence exponents or measures of variability. This finding suggests that the use of motorized treadmills is generally justified for studying orbital stability of locomotion over multiple consecutive strides. The largest decreases in Max FM when walking on the treadmill were found at the ankle ͑Fig. 5͒. Likewise, trunk movements were, on average, somewhat more stable than leg movement during both walking conditions. This further supports the idea that a primary goal of the neuromuscular control system is to maintain the dynamic stability of superior segments ͑i.e., the head and trunk͒ more so than inferior segments ͑i.e., the legs͒ ͓8,28͔.
In theory, the orbital stability of a deterministic limit cycle process should be the same, regardless of where along the trajectory the Poincaré section is made. This notion was generally supported by our results ͑Fig. 3͒. However, human walking is not strictly periodic ͓22-25͔ and people respond to perturbations differently during different phases of the gait cycle ͓38-40͔. This suggests that the orbital stability of walking should be phase dependent in the same way that the local stability of certain theoretical limit cycles sometimes is ͓͑36͔; Fig. 1͒ . We did not find any evidence of such phase-dependent variations in Max FM in our data ͑Fig. 3͒. However, this might have been due in part to how we constructed our state spaces. In the delay reconstruction ͑Eq. ͑1͒͒, the additional "states" created were not aligned during the same "phase" of the gait cycle ͑i.e., the time delays, , were less than a complete gait cycle͒. It is possible this may have led to an "averaging out" of differences at individual phases of the gait cycle. To fully resolve this question, we would need to conduct the Floquet analyses using state spaces comprised of the full set of original states for the system. Therefore, the orbital stability of human walking might still be found to be phase dependent, if complete state space data were analyzed.
The present study was limited to experimentally quantifying the response of the locomotor system to those small perturbations that occur naturally during normal walking. These results may or may not extend to global stability ͓16͔, where the response of the system to much larger perturbations, such as tripping or slipping ͑e.g., Refs. ͓56,57͔͒, would be assessed. Global stability can be quantified by mapping the complete basins of attraction of a system ͓58,59͔, or similarly by determining the largest singular perturbations to each system state that do not cause the system to fall over ͓60͔. However, these techniques require applying a very large number of very large perturbations to the system to observe its response. So while they are very useful for examining the stability of simulations or robots, it would be very difficult to implement such analyses experimentally in humans. One important line of future research will be to determine if the Max FM measures adopted here can predict the resilience of humans to such larger perturbations.
There is clearly a limit to the magnitude of perturbations that humans can accommodate and we do not know how much inherent local instability the human locomotor system can tolerate while remaining orbitally stable. Recent modeling work from our lab using a passive dynamic walker suggests that orbital stability is quite robust to substantial perturbations: i.e., the Max FM measures remained nearly constant over the range of perturbations the model could tolerate without falling over. This suggests that Max FM measures may be relatively insensitive to changes in task demands that significantly challenge walking stability ͓37͔. The results of the present study support those findings and suggest that local divergence exponents ͑ * ͒ ͓12͔ may be more sensitive to experimental manipulations that are relevant to walking stability. The methods used and developed in the present study will allow future efforts to gain a better understanding of where the boundaries lie between locally unstable movements that remain orbitally and globally stable and those that lead to global instability ͑i.e., falling͒. Max FM values tended to be slightly lower "i.e., more orbitally stable… when walking on the treadmill. Differences were not statistically significant for anterior-posterior trunk accelerations "A AP ; p = 0.434…, hip "p = 0.286…, or knee joint movements "p = 0.447…. Differences were statistically significant for mediolateral "A ML ; p = 0.040… and vertical "A VT ; p = 0.038… trunk accelerations and for ankle joint movements "p = 0.002…. However, the condition Ã subject interaction effects for all three of these comparisons were also significant "p Ï 0.012…. "B… Condition Ã subject interaction plots for the three variables where the ANOVA revealed significant differences between OG and TM walking. Each line type represents the average results for one subject. The differences between OG and TM walking were clearly different for different subjects, with some subjects even showing slight increases in Max FM when walking on the TM. 
